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ABSTRACT 



Theory of the edge T-matrix will be developed and 
applied to derive algorithms for solving basic problems of 
network theory such as the determination of a fundamental 
loop or cut-set matrix, the path matrix, the circuit matrix, 
the seg matrix and the tree summation calculation. Appli- 
cation of the tree summation to the determination of 
sensitivity functions without actual derivative operation 
will also be investigated. Formulas for determining topo- 
logically the sensitivity function will be proved. 
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I. INTRODUCTION 



Enumeration of subgraphs are interesting basic problems 
in graph theory. In network theory, the problems of finding 
(a) a fundamental loop or cutset matrix, (b) the circuit or 
seg matrix, (c) the path matrix, and (d) the set of trees in 
a graph are of primordial importance . Quite a number of 
papers have been written by various authors to solve these 
problems, particularly the problem of tree finding, which is 
the fundamental problem in topological analysis of electri- 
cal networks. Different theories, such as theory of groups, 
matrix theory, Boolean algebra, combinatorial analysis, 
have been applied for solving these problems. However, each 
of the existing methods suffers from one or more of the 
following disadvantages: (a) the method is too complicated 

for hand calculation or for computer implementation; (b) it 
often involves duplication; (c) large computer storage is 
required; and (d) the process requires long computation time. 

In this thesis, the edge T-matrix will be defined and 
used as a new tool for representing a network. Based upon 
the properties of edge T-matrices , five algorithms for 
solving the above mentioned problems will be developed. The 
proposed algorithms will prevent the generation of dupli- 
cates and at the same time minimize the computer storage and 
the computation time. 
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Because graphs have been used as mathematical model in 
several different fields, there is a considerable prolifer- 
ation of terminology. To avoid possible confusions. Chapter 
II of this paper will be devoted to the definitions of 
fundamental terms which will be used in the subsequent 
chapters. Theoretical development concerning the edge 
T-matrix will be discussed in Chapter III. Algorithms for 
finding fundamental loop and cutset matrices, for determin- 
ing the circuit, path, and seg matrices will be given in 
Chapter IV. Techniques for calculating 1-trees and 2-trees 
will be presented in Chapter V. Applications of the results 
obtained in Chapter V for determining network functions and 
and sensitivity functions will be Investigated in Chapter 
VI. In this chapter a topological formula for determining 
the sensitivity functions, without actual derivative 
operation, will be given. 
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II. BASIC DEFINITIONS 



A. INTRODUCTION 

Because graphs have been used as mathematical models in 
several different fields, there is a considerable prolifer- 
ation of terminology. Throughout the literature it is found 
that not only are various words employed for the same con- 
cept but, more confusing, the same word is used sometimes 
for different concepts. In view of this chaotic situation, 
this chapter is devoted to list a set of basic definitions 
of terms and concepts which are to be used in later discus- 
sions. Some of the definitions of other familiar terms will 
be listed in Appendix A. Properties derived from basics 
definitions will be assumed without proofs, since the proofs 
of these statements are well known and their inclusions will 
be beyond the scope of this paper. 

In the following development only connected graphs with 
no self-loop are considered. The word graph may refer to 
either a non-oriented or an oriented graph if not otherwise 
indicated. The numbers of nodes and edges of the graph are 
denoted by n and e respectively. The nodes are always 
numbered from 1 to n. The edges can be designated by 
numbers from 1 to e, or by e distinct letters. 

B. THE INCIDENCE MATRIX 

Definition 2.1 The incidence matrix, denoted by A^ , of a 
graph G of no self loop, is a matrix of order n x b with 
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with each row identified by a vertex and each column by an 
edge, that is: 



A 



a 




n x b 



where 



1, if edge j is incident with node i and oriented 
away from it , 



a 






< -1, if edge j is incident with node i and oriented 
towards it. 



0, if edge j is not incident with node j. 



In the case of non-oriented graphs, the sign of a. . is 

J 

ignored , 



Definition 2.2 The reduced incidence matrix. A, is the 
matrix of order (n-1) xb obtained from A by deleting any 

Q. 

row of A . 

a 

Property 2.1 Each column of A & contains exactly one +1 and 
one -1. 

This property results directly from Definition 2.1. 

Property 2,2 The rank of the matrix A & is n-1. 

The proof of this property has been given by Kirchhoff 
in [16] . 



Property 2.3 The matrices A and A,, are totally unimodular, 

~ ' ' ’ ci 

i.e. all their square submatrices have determinant either 
zero or +1 or -1. 

This property has been proved by Veblen and Franklin 
in [31] . 
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C. THE CIRCUIT MATRIX 



Definition 2 . 3 A circuit is a connected subgraph having 
precisely two edges incident with each node (of the subgraph). 

An arbitrary orientation of the circuit may be defined 
in the obvious way. 

Definition 2.4 The circuit matrix, B . is the matrix of 
5 a 

order c xb with each row identified by a circuit and each 
column by an edge such that 



where c is the total number of circuits of the graph, and 




+1, if the edge j is included in circuit C^ and 
having the same orientation with C^ 

i -1, if the edge j is included in circuit C^ and 
oriented in the opposite direction to the 
orientation of CM 

0, if the edge j is not included in CM 



Property 2.4 Let B„ and A„ be the circuit matrix and the 

* si a 3 . 

incidence matrix of a graph G. Then 



A B 
a 



T 

a 



0 



The proof of Property 2.4 has been given by Veblen 
in [30] . 



Property 2.5 The rank of B^ is b-n+1. 
v a 

Property 2.5 has been proved by Reed and Seshu in [28]. 
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D. TREES AND COTREES 



Definition 2.5 A tree of a connected graph G is a connected 
subgraph that contains all the nodes of G but no circuits. 
The edges contained in a tree are called the branches of 
that tree . 

Definition 2.6 If denotes a tree of a graph G, then the 
complement subgraph of t^ is called the cotree defined 
with respect to t^ . The edges contained in t^ are called 
the chords of t^ . 

Several important properties of tree graph are listed 
in the following. 

Property 2 . 6 Every tree has at least two terminal nodes 
(nodes at which only one edge is incident). 

Property 2 . 7 All trees of a connected graph of n nodes 
contain exactly n-1 branches. 

Property 2 . 8 A cotree of a connected graph contains b-n+1 
edges . 

Property 2.9 For a connected graph, an n-1 minor of the 
reduced matrix A is a nonsingular if and only if the n-1 
columns of the minor correspond to branches of a tree. 

Property 2 , 10 The number of trees , T of a graph is 

T = det A.A T 

Definition 2.7 A k-tree of a connected graph is a set of 
k unconnected and circuitless subgraphs, which together 
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include all of the nodes of the graph and formed by n-k 
edges . 

Definition 2.8 Consider a graph G together with four dis- 
tinct nodes a, b, c and r. A type-I 2-tree, denoted by 
t(a;r) is a 2-tree of which node a is required to be in one 
of its subgraphs and node r in the other. A type-II 2-tree, 
denoted by t(a,b;r), is a 2-tree in which nodes a and b are 
required to be in one of its subgraphs and node r in the 
other. A type-III 2-tree, is a 2-tree, designated by 
t(a,b;c,r), of which node a and b are required to be in one 
of its subgraphs and nodes c and r in the other. A type-IV 
2-tree, denoted by t(a,b,c;r), is a 2-tree of which nodes 
a,b and c are required to be in one of its subgraphs and 
and node r in the other. 

Definition 2.9 Given a directed graph G'. Let G be the 
graph derived from G' by ignoring the edge orientation. A 
subgraph t(r) of G ' is called a directed tree if and only if 

(1) Ignoring the edge orientation, t(r) is a tree of G. 

(2) Prom every node, except node r, called the reference 
node, there is exactly one outgoing directed edge. No edge 
of t(r) is directed away from the reference node r. 

Definition 2.10 Given a directed graph G' together with 
four nodes a,b,c and r. Let G be the graph derived from G' 
by ignoring the edge orientation. A type-I directed 2-tree, 
denoted by t’(a;r) is a 2-tree defined from G’ if ignoring 
the edge orientation the resulting subgraph t(a,r) is a 



17 



2-tree of G , and node a serves as reference node in one 
subgraph and node r in the other of t'(a;r). Similarly, 
let t’(a,b;r) and t'(a,b;r,c) and t'(a,b,c;r) be type-II, 
type-III and type-IV 2-trees of G ' , respectively. Then 
their nonoriented counterparts are 2-trees of type-II, type- 
III and type-IV of G, and node a serves as reference node 
in one subgraph and node r in the other, 

E. FUNDAMENTAL SETS OF LOOPS 

Consider any tree of a connected graph; since it is 
connected there is a tree path between any two nodes and, 
since it contains no circuits, this tree path is unique. 

Now consider the tree with one of its chords. Between the 
two nodes terminating the chord there is a unique tree 
path which, together with the chord, defines a circuit of 
the graph. Similarly each of the (b-n+1) chords of the tree 
defines a circuit of the graph; these (b-n+1) circuits are 
called a fundamental set of loops of the graph; their 
orientations are defined to coincide with those of their 
defining chords . 



Definition 2.11 A fundamental loop matrix with respect to 
a tree of a connected graph G is the matrix of order 
(b-n+1) x b with each row identified by a fundamental circuit 
(with respect to the tree) and each column by an edge such 
that 



B 



f 



b i J (b-n+1) 



x b 
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where 



1, if edge j is in circuit c^ and the orienta- 
tion of j coincides with the orientation 
of c . 

b. . = J 1 

11 

-1, if edge j is in c-^ but the orientation of j 
is opposite to the orientation of c^ 

k 0, if j is not in c^ . 

Let the edges of the graph are numbered so that the 
chords of the tree form the first b-n+1 edges and, if the 
fundamental loops are numbered correspondingly, B^, will be 
of the form: 



B~ = [U 



m 



B f 12 ] 



where m = b-n+1. Let the columns of the reduced matrix A be 
arranged in the same order of edge: 

A = [A 1]L A 12 ] 

The following important interrelationships between matrices 
An, A^ 2 , B fl2 ^ ave been pointed out. 

Property 2.11 B fl2 = -[A~ 2 A.^] 

This property results directly from Property 2.4. 

Property 2,12 B^ is totally unimodular. 

This property has been proved by Belevitch in [1] . 

The inverse of A^ 2 for a connected graph has been given 
an interesting interpretation by Branin [2] as follows: 

Property 2.13 For a connected graph the element a.' . of the 

-L J 

inverse of A^ 2 is: 
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